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HELEN M. DOERR and LYN D. ENGLISH
MIDDLE GRADE TEACHERS’ LEARNING THROUGH
STUDENTS’ ENGAGEMENT WITH MODELING TASKS*
ABSTRACT. We report on how two middle-grade teachers supported their students’
mathematical reasoning within the context of a novel modeling task in data analysis.
We examine how the task features supported the development of teachers’ knowledge
as their students engaged with the task. Analyses of the teachers’ practices suggest that
the task features enabled teachers: (a) to develop new understandings of the mathe-
matical content and the ways in which student ideas develop and are represented; (b) to
adopt new roles in their interactions with the students, including a focus on listening
and observing, and on asking questions for understanding and clarification; and (c) to
engage in forms of interpretative listening that shifted the role of evaluation from the
teacher to the student.
KEY WORDS: teacher development, teacher learning, modeling, task features, middle
grades
INTRODUCTION
The changing role of the teacher in implementing mathematics
curriculum reform has been the subject of considerable research
(Borko, Mayfield, Marion, Flexer, & Cumbo, 1997; Goldsmith &
Schifter, 1997; Lloyd & Wilson, 1998; Sherin, 2002; Smith, 1996; Swaf-
ford, Jones, Thornton, Stump, & Miller, 1999). Curriculum reform re-
quires that teachers change the mathematical content of their teaching
as well as the ways in which they implement this content, including the
nature of their interactions with and responses to their students’ ideas
(National Council of Teachers of Mathematics, 1991). Achieving such
changes necessitates that teachers must learn as they teach (Sherin,
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2002). This learning-while-teaching approach demands a more adap-
tive style of teaching in which teachers understand and appreciate the
mathematical ideas in reform-based tasks, adjust their pedagogical
strategies to implement these new tasks, and listen to and are guided
by their students’ responses (Chazan & Ball, 1999; Fennema et al.,
1996; Lampert, 2001; Nicol, 1999; Sherin, 2002). Learning to meet
these reform requirements is not an easy task for teachers.
Over the past two decades, many researchers have examined the
nature of and the relationship between teachers’ subject matter
knowledge and teachers’ pedagogical content knowledge (e.g., Even,
1990; Kennedy, 1998; Sherin, 2002). Subject matter knowledge is typi-
cally defined as an understanding of the concepts and facts within a
given domain. Pedagogical content knowledge specifically addresses
the teaching of the domain, including understanding how to present
the concepts and facts to promote learning, and being aware of stu-
dents’ typical understandings and misunderstandings in the domain
(Shulman, 1986). The purpose of the research reported here is to
examine how teachers develop and use subject matter and pedagogical
content knowledge in the act of teaching reform-based tasks and how
they use this knowledge to support their students’ learning. A key is-
sue for this study is how the features of such tasks can promote teach-
ers’ knowledge development and their support of student learning.
In our study, we used modeling tasks that were intended to maxi-
mize the learning of both students and teachers and to provide us with
a window into the nature of teachers’ knowledge development. We
chose a sequence of mathematical modeling tasks because of their
known potential for promoting student engagement with a realistic
problem, for their potential in revealing the multiple ways students
might think about the task, and for their capacity to engage students
in evaluating the usefulness of their solutions (Doerr & English, 2003).
These modeling tasks engaged middle-grade students in the develop-
ment of rating systems across a range of problem contexts. Our
research addressed three related questions:
1. How do middle-grade teachers develop new subject matter knowl-
edge and pedagogical content knowledge as they implement a novel
model-eliciting task?
2. How do middle-grade teachers learn to support their students’
learning during the implementation of model-eliciting tasks?
3. How do the characteristics of a model-eliciting task promote teach-
ers’ learning, in terms of their knowledge development and their
support of students’ learning?
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In the first part of this paper, we provide background about some
of the ways teachers approach the implementation of novel tasks, in
terms of how they use their knowledge of subject matter and peda-
gogy, and how they support their students’ learning in the process. We
then examine how the characteristics of the mathematical modeling
tasks used in this study have the potential to foster teachers’ learning.
Approaches to Task Implementation
In supporting students’ learning with reform-based tasks, it is
generally accepted that teachers need to listen to and interpret their
students’ mathematical ideas during the act of teaching. In so doing,
teachers are influenced by their subject matter knowledge and peda-
gogical content knowledge as they interact with their students in
implementing the task. Whether or not teachers implement a task as
intended by curriculum designers depends largely on the extent to
which they are able to (a) modify and build on their existing subject
matter knowledge and pedagogical content knowledge, and (b) listen,
interpret, and respond to their students’ mathematical ideas. When
teachers implement a reform-based task in ways not intended by the
designers, teachers often transform the task into familiar content and
use familiar pedagogical strategies. Sherin (2002) identified this as a
transform approach, in which familiar pedagogical strategies are
invoked, in part, by the resemblance of the task to the teachers’ exist-
ing knowledge. When teachers take a transform approach, it is
unlikely that they would listen closely to their students’ ideas for the
purpose of challenging them to revise or extend these ideas. Rather,
teachers would be more likely to listen to their students’ responses for
the purpose of evaluating the correctness of their answers (Crespo,
2000; Even & Tirosh, 1995; Heid, Blume, Zbiek, & Edwards, 1999).
Using what Davis (1996, 1997) termed an evaluative orientation, teach-
ers would be primarily listening for the purpose of identifying and cor-
recting students’ errors. With an evaluative orientation toward
listening, the teacher sees the students’ work in light of how she herself
would approach the problem and in light of her expectations for how
the problem might be solved.
When teachers approach the implementation of a reform-based task
as intended by the developers, teachers may develop new subject
matter knowledge and pedagogical content knowledge as they respond
to novel student comments and actions. Sherin (2002) referred to this
approach to implementation as adapt. These changes in the lesson
include the development of new pedagogical strategies by the teacher.
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In order to respond to novel student comments and actions, teachers
need to listen to and to interpret their students’ mathematical ideas in
the act of teaching. Such actions by the teacher would be consistent
with what Davis (1996, 1997) referred to as an interpretive orientation
to teaching. According to Davis, teachers with an interpretive orienta-
tion listen to their students’ ideas with the aim of accessing their
understandings.
Teachers develop new knowledge but also make changes to a lesson
as it unfolds, an approach Sherin termed negotiate which is consistent
with Davis’ hermeneutic orientation for teaching. Teachers with a her-
meneutic orientation interact with their students, listening to their ideas
and engaging with them in the negotiation of meaning and understand-
ing. Thus, it is the interpretative and hermeneutic orientations for
teaching that are particularly needed if teachers are to take an adaptive
or negotiating approach to the implementation of reform-based tasks.
In this paper, we wish to extend this framework by more carefully
considering the relationship between the features of the task and the
implementation approaches that teachers might take. Sherin (2002)
claims that as teachers’ expertise develops, ‘‘their subject matter
knowledge and pedagogical content knowledge become tied together in
content knowledge complexes’’ (p. 130). She claims these complexes
constrain the implementation of reform-based tasks, which are often
based on familiar content that is linked to and evokes familiar
pedagogical strategies. Hence in this study, we have chosen a task that
presents novel content for the teachers, namely the development of a
rating system. Such a novel task is less likely to evoke associated
familiar pedagogy and thereby holds the potential for supporting the
development of new subject matter knowledge and new pedagogical
content knowledge. However, unless the task is designed in such a way
that students’ alternative ways of thinking about the task are revealed
as they engage with it, the teacher’s opportunities to listen to students’
thinking are constrained by the task to an evaluative orientation.
Hence, we wish to consider how the features of modeling tasks
potentially can help teachers learn through taking an adapting and
negotiating approach to implementing the task. We next consider the
features of modeling tasks in light of research conducted with tasks
that promote student mathematical thinking.
Engaging Students in Tasks that Promote High-Level Thinking
The work of Stein and her colleagues (e.g., Henningsen & Stein, 1997;
Stein, Grover, & Henningsen, 1996) has highlighted the importance of
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task features in promoting student learning. These features refer to
those aspects of tasks identified as ‘‘important considerations for the
development of mathematical understanding, reasoning, and sense
making’’ (Henningsen & Stein, 1997, p. 528). Such features include
opportunities for multiple representations, multiple solution ap-
proaches, and mathematical communication. Tasks that are designed
to engage students in high-level mathematical thinking and reasoning
are often more complex and more time consuming than routine activi-
ties; these tasks are thus more open to various factors that could
reduce students’ high-level engagement. For example, there might be a
mismatch between the task and students’ prior knowledge and inter-
ests leading students to disengage with the task (Bennett & Desforges,
1988). Students can also seek to reduce the task complexity by seeking
specific input from the teacher (Doyle, 1988; Henningsen & Stein,
1997). However, if teachers emphasize the importance of meaning and
understanding in implementing a task and explicitly request a demon-
stration of students’ understanding, then high-level engagement is
more likely to be maintained (Doyle, 1988). Likewise, if explicit con-
nections are made between students’ existing knowledge and the math-
ematical ideas in the task, then students’ cognitive processing during
task implementation has a better chance of remaining at a high level
(Henningsen & Stein, 1997). Although we understand how task fea-
tures contribute to student thinking, we know very little about how
implementing tasks with these characteristics supports or constrains
the development of teachers’ subject matter and pedagogical content
knowledge. Therefore, we turn our attention to the characteristics of
one type of task that has the potential to support teacher learning in
practice, namely a model-eliciting activity.
Model-eliciting tasks (Lesh, Hoover, Hole, Kelly, & Post, 2000) are
those in which students’ thinking processes are explicitly revealed via
their descriptions, explanations, justifications, and representations both
as they engage with the task and as they present their end products.
Among the features of model-eliciting activities that make them
especially suitable for promoting student engagement in higher-level
thinking are the following: (1) they involve meaningful problem situa-
tions, (2) they provide a basis for subsequent model exploration and
application, (3) multiple interpretations and approaches are encour-
aged, (4) mathematical communication is emphasized, (5) they require
the documentation of end products, (6) self-evaluation is an inherent
component. These features of the tasks have the potential to promote
the learning and development of the teacher. In particular, three of the
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six principles for the design of model-eliciting tasks (Lesh et al., 2003)
are especially relevant for this study as we consider the relationship
between the characteristics of the task and teachers’ learning through
task implementation. They are:
(1) The Reality Principle. The reality principle refers to the mean-
ingfulness of the task to the student. Will students be encouraged to
make sense of the situation based on extensions of their own personal
knowledge and experiences? Or will they be required to suspend their
sense-making in order to conform to a teacher’s (or author’s) notion
of a particular way to think about the problem situation?
(2) The Self-Evaluation Principle. This principle means that the task
is such that the students will be able to judge for themselves when their
responses are good enough. They will not need to refer to an external
authority to know when they have a satisfactory solution to the task.
This principle also suggests that the students have some understanding
of how the results of the problem-solving task are needed for some
purpose and by some audience (other than the teacher).
(3) The Documentation Principle. This principle means that the
response to the task will require students to reveal explicitly how they
are thinking about the situation by documenting and representing
their ideas. Students’ solutions will reveal the kinds of mathematical
quantities, the relations among those quantities, and the operations
and patterns that the students were thinking about.
While these principles are used to guide the development of tasks
that promote student learning, the role of the teacher in relation to
these characteristics of model-eliciting tasks has received relatively lit-
tle attention (Baroody et al., 2004). We argue that each of the three
principles has important implications for teachers’ approaches to task
implementation. For example, the Reality Principle suggests that
teachers will need to listen to, to interpret, and to understand the vari-
ous ways in which students try to make sense of the given problem.
The Self-Evaluation Principle implies that teachers will need to shift
from evaluating the correctness of students’ work (i.e., using an evalu-
ative orientation) to devising new pedagogical strategies for engaging
students in self-evaluation (i.e., adopting interpretative and hermeneu-
tic orientations). Finally, the Documentation Principle suggests that
teachers will need to understand and interpret the mathematical repre-
sentations that students generate and encourage the students to use
those representations to effectively communicate their developing
ideas. Collectively, these three principles suggest a new role for
teachers, one that is primarily learned in practice as the lesson is
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taught and as teachers interact with their students as they engage with
the task. Hence, tasks based on these design principles have the poten-
tial to promote the ’adapt and negotiate’ approaches to task imple-
mentation to which Sherin and Davis speak.
DESCRIPTION OF THE STUDY
The Task and Implementation
We used a sequence of five modeling tasks that required students to
create usable rating systems across a range of contexts (see Doerr and
English (2003) for detailed descriptions of the full sequence of the
tasks). The core mathematical ideas focused on notions of ranking,
selecting and aggregating ranked quantities, and weighting ranks. The
sequence of tasks was designed so that the students could readily en-
gage in meaningful ways with the problem situation and could create,
use, and modify quantities (e.g., ranks) in ways that would make sense
to them. Each of the seven teachers implemented the five problems in
the modeling sequence over a period of 10–12 lessons, depending on
the teacher. For each problem, the students worked in small groups to
analyse and transform a set of data for the purpose of making a deci-
sion about what factors to consider in purchasing a pair of sneakers.
In this paper, we report the results of teachers’ learning while
implementing the first problem of the sequence, the Sneakers Problem.
In the Sneakers Problem, the students encounter the notion of
multiple factors that could be used in developing a rating system for
purchasing sneakers and the notion that not all factors are equally
important to all people. The teachers began the problem by asking the
students, ‘‘What factors are important to you in buying a pair of
sneakers?’’ As a whole class, the students generated a list of factors that
they considered important; they then worked in small groups to deter-
mine how to order these factors in terms of their importance in decid-
ing which pair of sneakers to purchase. As expected, the groups
produced different lists. The teachers then posed the requirement that
the sneaker manufacturer needed a single set of factors that represented
the view of the whole class; in other words, the group rankings needed
to be aggregated into a single class ranking. (See Appendix A for a
subset of the initial lists that were generated in one of the classes.) The
problem was designed to elicit alternative ways that students might
aggregate the ranks such as a frequency-based approach that counted
the number of groups that assigned a given rank or a totalling
approach that summed the values of the ranks given by each group.
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Setting and Participants
Seven middle-grade teachers and their students participated in this
study. They were from a co-educational private K-12 school situated
within a middle class neighborhood in Australia. The teachers
welcomed the opportunity to explore new ways to engage students in
meaningful problem-solving activities. The teachers and the head of
the mathematics department expressed their concerns that their
students did not have enough opportunities to engage in mathematical
problem solving and that many of their students were limited in their
abilities to solve problems that they had not seen before. Prior to the
professional development work with the teachers and the classroom
implementation of the modeling tasks, we observed each teacher’s
classroom twice in order to understand their current practices better.
All teachers had a traditional approach to mathematics instruction
that was largely one of demonstrating procedures for the students to
follow. Typically, classes began with a review of the previous day’s
homework, followed by presentation of new material through worked
examples, and ended with the students individually working on prob-
lems, asking the teachers for assistance as needed. The teachers were
aware of the limitations of these usual approaches in terms of oppor-
tunities for students to engage in problem solving and expressed
openness to trying new approaches. Neither the students nor their
teachers had prior experience with the type of modeling problems
implemented in this study.
Professional Development
To support the teachers in developing both their understandings of the
mathematics of the tasks and their pedagogical knowledge of how to
implement them, we held four meetings that were attended by all the
teachers (except one who missed two meetings) and by the head of
department. Since our earlier observations of the teachers’ current
practices revealed only limited use of group work, we used pedagogical
strategies for interacting with groups in these meetings and explicitly
discussed these strategies with the teachers. The meetings were also
intended to familiarize the teachers with the mathematics of the prob-
lem sequence by engaging them in a discussion of their own solutions
to the problems and a discussion of anticipated student solutions.
During the first meeting, the teachers solved the Sneakers Problem and
compared their solutions. Then we presented some actual student
solutions from our prior experience with the task for discussion (Doerr
& English, 2003). This was intended to illustrate some of the variation
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in student reasoning that might occur with their students when using
this task. In line with our framework described above, we suggested to
the teachers that they encourage and allow the students to develop,
evaluate, and represent their own solutions to the problems. We dis-
cussed with the teachers the importance of listening to their students’
ideas to gain insights into their thinking and to consider how they
might support this thinking.
Case Study Teachers
Of the seven teachers, we chose two for in-depth observation, based
on: grade level, prior observations of their lessons, years teaching
experience and their mathematics background. We chose Mrs. L
(seventh grade) and Mrs. R (eighth grade), who represented diverse
teaching backgrounds and length of teaching experience. Both teachers
provided supportive learning environments for their students as was
evident in our prior classroom observations. However, Mrs. L was not
formally trained in mathematics or mathematics education and was
only in her second year of teaching middle school mathematics. She
frequently expressed to us her lack of confidence in teaching mathe-
matics and that her mathematics teaching was more rote and less
investigatory than her science teaching. She was eager to improve her
mathematics teaching along these dimensions. For these reasons, we
selected her as a one of our case study teachers. Unlike Mrs. L,
Mrs. R was confident in her own mathematical knowledge; but like
Mrs. L, she too felt that her students did not have many opportunities
to engage in mathematical problem solving and reasoning tasks. We
selected Mrs. R for the other case study because she had over 10 years
experience in teaching mathematics and taught some upper-level
mathematics courses (as well as biology) at the school.
Data Collection and Analysis
For both teachers, we videotaped and audio taped each lesson and
made detailed field notes during the lesson. The videotaping focused
on the teacher and her interactions and exchanges with the students in
her class. Informal conversations with the teachers that occurred
before and after class were audio recorded. The audiotapes from all
lessons and teacher conversations were transcribed. The data analysis
was completed in two stages. The first stage of analysis involved open-
ended coding (Strauss & Corbin, 1998) of the field notes and the audio
recorded transcripts of the lesson and teacher conversations. This was
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followed by viewing the videotapes for each lesson, and adding anno-
tations and clarifications to the transcript that were visible from the
videotape. We coded the transcript independently for the lesson and
then met to compare our codes; differences in coding were resolved by
finding references to early codes and making comparisons and revi-
sions to the codes. Our initial coding focused on the interactions of
the teacher with the students and her efforts to support their learning
as they engaged with the task. Samples codes, with their descriptions,
and excerpts from the transcript of the lesson are shown in Table I.
The second stage of the analysis consisted of finding clusters of
codes for each teacher that defined the dominant events that governed
each lesson. These events included the ways in which the teacher under-
stood the mathematical content of the lesson, the ways in which the
teacher listened and attempted to understand the students’ thinking as
they interacted with the task, the ways in which she encouraged and
used representations, and the incidents in which she asked for meaning,
TABLE 1
Sample Codes, Descriptors and Data
Category Descriptor Sample Data
Understanding
student thinking
Asking students
to clarify for
the teacher’s
understanding
‘‘What does
all this mean?’’
‘‘I’m not sure I totally
understand how these
[factors on the list]
became 4th, 5th, 6th,
7th, 8th and 9th.’’
Mathematical
content knowledge
Teacher’s mathematical
understanding of
specific strategies
‘‘We want to see what
numbers you’ve used and
how you’ve worked it out.’’
‘‘They haven’t done
anything mathematically.’’
‘‘I want to know what
comes in between
first and last.’’
Use of
representations
Asking students
to explain meaning
of representations
‘‘Can somebody explain
this part to me? What do
those numbers represent?’’
‘‘Can you explain what
you’re doing to me? ..
Can you tell me why
you’ve got two graphs?’’
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explanations, and justifications. The main findings of the study are
organized around our three research questions presented above.
RESULTS
Developing New Content and Pedagogical Content Knowledge
Our focus in this study is on development of both subject matter
knowledge and pedagogical content knowledge as it occurs in the
implementation of model-eliciting tasks, and how teachers use this
knowledge to support their students’ learning. Our prior observations
revealed that the usual practice of Mrs. L was characterized by having
the students find particular solutions using computational procedures
that she had demonstrated. As Mrs. L began to teach this lesson to
her students, her desire to see a specific computational solution, rather
than a more general strategy for aggregating ranked lists, quickly
became evident. For example, in her instructions to the students at the
beginning of the lesson, instead of emphasizing the need for a general
solution strategy that would work with any set of lists, she focused on
the representativeness of a solution:
So you can leave these [the students’ lists] up here [on the board] so you can refer
to them. See if you can come up with some way of getting a final list that we can
all refer to – something that you think the manufacturers might be able to use.
Because we can’t just pick one of these lists because it’s representative of only a
small number of people. We want something that the whole class can be repre-
sented by. [Class transcript. Day 1. Lines 293–297.]
These directions to the students suggest that Mrs. L was emphasiz-
ing the need for the students to come up with a particular solution
that represented the view of the whole class, not just a single group. In
expressing the task in this way, Mrs. L appeared to be focused on the
need for a particular solution rather than for a generalized strategy (or
model) for aggregating the lists of factors. At this point, following
Sherin (2002), it seemed she was transforming the task to fit with
familiar pedagogy for finding specific solutions to problems.
As the lesson progressed, Mrs. L expressed concern when she felt
her students were not ‘‘thinking mathematically.’’ She repeatedly stres-
sed to her students that they should use ‘‘numbers, not pictures’’ in
their solutions to the problem. This emphasis on numbers during the
early stages of problem implementation suggests that Mrs. L expected
a mathematical solution with some visible signs of computation. In
expressing her concerns about the students’ lack of numbers, Mrs. L
asked the researchers how she should handle the situation:
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None of them [the students] have put numbers on it [the list]. I don’t know
whether just to <pause> if this is the list they’ve come up with, and we get them
[the lists] back up [on the board] again, they’re going to see that they still have
very different lists because they haven’t done anything mathematically. [Class
transcript. Aside comment to researchers. Day 1. Lines 417–420.]
The teacher saw that many of the student groups were simply using
their own opinions to aggregate the lists of factors, rather than com-
bining the data from the lists in some mathematical way. She recog-
nized that this would generate another set of different lists, which
would just lead them back to the problem of how to aggregate the
lists. She was uncertain as to how to proceed. However, rather than
just use her familiar pedagogical content knowledge (such as suggest-
ing a solution strategy to the students) and thereby transform the
lesson, Mrs. L showed a willingness to learn new pedagogical content
knowledge by seeking advice from the researchers.
We see her uncertainty as reflecting the limits of her existing
pedagogical content knowledge of how student models might develop
from their early non-mathematical attempts to more sophisticated
strategies. She did not appear to have in mind a range of strategies for
how students might approach the problem. We also see her hesitancy
as reflective of a tension between her willingness to implement the task
as intended by the researchers (an adaptive approach) and her uncer-
tainty as to how mathematically viable solutions might be developed
by the students. Her understanding of this mathematical development
was just beginning to emerge as the students engaged with the task.
In contrast to Mrs. L, Mrs. R had a clear understanding of the
underlying mathematics of the task. During the teacher meetings, Mrs.
R had quickly developed several solutions and was aware of the
underlying mathematical equivalence of alternative solution strategies.
During our meetings with the group of teachers, when we discussed
both the teachers’ solutions and possible student solutions to the
Sneakers Problem, none of the approaches included graphical repre-
sentations. However, the students in Mrs. R’s class used both graphs
and tables to represent their systems. This graphical approach was one
that neither Mrs. R nor the researchers had seen before and consti-
tuted an occasion for Mrs. R to extend her understanding of the
relationship between the mathematical structure of the students’
solutions and their graphical representations.
Mrs. R also implemented the task as intended, giving the students
ample time to develop and document their solution strategies. This
appeared to lead to the development of new pedagogical content
knowledge for Mrs. R as she became aware of the range of ways in
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which students’ models might develop. Since she understood the math-
ematical limitations of the frequency-based systems, she became adept
in leading the students to see the difficulties posed by these systems.
Mrs. R questioned the students about their reasoning and the repre-
sentations they were using, as she learned how they were creating a
model of the situation. For example, when one group produced an
average, she asked them to describe how they arrived at the average
and what it represented.
Mrs. R: What does this all mean?
S: They are all where they came from up there [on the lists].
Mrs. R: Yes.
S: (Inaudible).
Mrs. R: You’ve taken each aspect and said ‘‘They ranked it as 1,
they ranked it as 3.’’ Okay.
S: And then we’re doing the average of all of them.
S: And divided by 9. And whichever one’s the lowest number,
that one goes first.
Mrs. R: Make sure you can explain it.
[Class transcript. Day 2. Lines 84–93.]
Mrs. R recognized that an averaging strategy would provide a
meaningful way of aggregating the group lists. We argue that since she
had a robust understanding of the underlying mathematical structure
of the problem, the development of her pedagogical content knowl-
edge occurred as she came to understand how student’s ideas might
develop and how students might represent those ideas. Mrs. R com-
mented after class,
But I think most of them have caught on to the idea now. It just, but it took for-
ever. [laughs].... We just think that maybe they would think like we do, but they
don’t, you know. They just, they just take forever to think it up. [Post-class con-
versation. Day 1.]
As we describe in the next section, the development of Mrs. R’s
understanding of students’ ideas was intertwined with new instruc-
tional strategies for supporting her students’ learning. This suggests
that Mrs. R had negotiated the implementation of the task in a way
that resulted in new pedagogical content knowledge about the devel-
opment of student ideas and the representation of those ideas.
Learning to Support Students’ Learning
As the students engaged with the task, both Mrs. L and Mrs. R began
to attend to their students’ understandings by (a) listening and
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observing and (b) asking questions for understanding and clarification.
Our analysis of the data showed that both teachers spent considerable
time during the lessons carefully listening to how the students were
approaching the task. Often, these observations were accompanied by
questions that elicited descriptions from the students about their work.
We found that Mrs. L’s interpretations of the students’ work were
influenced by her desire to see evidence of a numerical process. For
example, after Mrs. L observed one group’s approach, she engaged in
the following exchange with them:
Mrs. L: Okay, so what have you girls decided? Are you counting
the number of times that it came up first?
S1: Yes.
S2: Majority.
Mrs. L: Show that on here [on your paper] – like, if you were doing
some maths, counting up how many, show it on this paper
because you’re going to tell the class how you came up
with this list. So you can do all your working on that paper
as well. We want to see what numbers you’ve used and
how you’ve worked it out.
S2: Fashionable had like three votes so we’re basically doing a
majority vote.
Mrs. L: Okay. Where could you show that?
S2: On the side.
[Class transcript. Day 1. Lines 378–388.]
At this stage in the task, Mrs. L appeared to be most concerned
about whether or not the students had used numbers in their solution.
Her comment to the students focused their attention on where they
should show their computational work, rather than on what the work
meant.
In listening to the next two groups, Mrs. L commented ‘‘Can we
have some working on your sheet?’’, and then ‘‘I’d like to see some
numbers.’’ As Mrs. L listened to the students, she initially focused on
the use of numbers as presenting evidence of the students’ mathemati-
cal thinking. She recognized that the students would need to do some
computations in order to aggregate the lists of factors in a mathemati-
cal way. However, her comments to the students seem focused on the
display of computation (‘‘working on your sheet’’ and ‘‘to see some
numbers’’) rather than on the meaning of the strategies that the
students were using to aggregate the lists of factors. This suggests
that Mrs. L’s orientation towards her students’ work is primarily
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evaluative; she sees the students’ solutions in terms of whether they
display appropriate computations.
There were, however, a few instances where Mrs. L encouraged the
students to explain their thinking so that she could understand the
process that the students used with the numbers:
Mrs. L: I’m not sure I totally understand how these [factors on the
list] became 4th, 5th, 6th, 7th, 8th and 9th.
S: Because more people thought the price should be 4th because
if you have a look, 4th is price, 4th is quality, 4th is dah dah
dah. But then three groups thought the price should come 4th.
S: So three out of the six groups thought that.
Mrs. L: All right. If only one out of the six thought comfort was
third, why is comfort third?
S: Because that has to be swapped with another one as well.
[Class transcript. Day 1. Lines 496–502.]
In this instance, we see that Mrs. L attempted to understand the
process that the students used to come up with the numbers (in this
case, the ranks for each of the factors). As she better understood what
the students did, she then asked the students to justify their process
(‘‘why is comfort third?’’) as they explained how their rating system
worked. This suggests that as Mrs. L began to understand the mathe-
matical processes that the students used, she began to shift towards a
more interpretative stance in her interactions with the students.
Teaching this task was a shift from Mrs. L’s usual role of direct
instruction. Her listening and questioning shifted, over the course of
the two-day lesson, from an evaluative orientation to an interpretive
one. Initially, she focused almost exclusively on noticing whether or
not the students did any computations and whether they displayed this
work on their paper. Transforming the task to fit prior subject matter
expectations, Mrs. L looked for numerical representations. Her view
of the mathematics limited what she could listen for and framed her
evaluations of the students’ work. As the lesson progressed, Mrs. L
began to ask students to describe the meaning of their work, taking a
more interpretative stance.
Mrs. R, however, engaged in a pattern of listening, observing and ask-
ing questions for clarification from the beginning. To illustrate, Mrs.
R stood and observed one group as they were working, and then en-
gaged in the following exchange:
Mrs. R: Can you explain what you’re doing to me?
S: Making a graph.
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Mrs. R: Making a graph. Yes, I can see that. And can you tell me
why you’ve got two graphs?
S: One’s [the graph of the] most important and <pause>
one’s least important.
Mrs. R: Least important? Okay.
[Class transcript. Day 1. Lines 105–109]
Mrs. R continued to observe the group for a brief time and then
moved on without further comment.
We see three important features in this exchange that reflect an
interpretative orientation towards listening that are consistent with an
adapt approach towards implementation of the lesson. First, when
approaching the group, rather than immediately asking a question or
making a comment, Mrs. R generally stood and watched. This
appeared to have enabled her to see how the students were thinking
about the task. Second, her question for the students (‘‘can you tell me
why you’ve got two graphs?’’) asked them to describe their current
way of thinking to her. A student explained that they were sorting the
data into two groups: the most important factors and the least impor-
tant factors and then representing this data on two charts. Mrs. R’s
question both focused the students’ attention on the meaning of their
graphs and clarified for Mrs. R how the students were thinking about
the data. Third, rather than evaluate the students’ approach, Mrs. R
chose to let them continue working in their own way. After under-
standing what the students were doing, Mrs. R simply said ‘‘okay’’
and continued to observe their progress. In this way, Mrs. R was
encouraging the students to continue to develop their solution to the
task at hand.
This pattern of listening and observing, asking for clarification and
meaning, and then encouraging students’ continued work was repeated
numerous times during Mrs. R’s lesson. As she engaged in this way of
listening, Mrs. R continued to learn about the range of approaches
students were taking and how those approaches were developing.
Shortly after the interaction described above, Mrs. R engaged in simi-
lar interactions with another group of students about the factors on
the lists (which included size and quality):
Mrs. R: Can somebody explain this part here to me? What do those
numbers represent?
S: They’re numbers of people like how many people want
good size and good quality like how many people.....like
the question is: what do you think is the most important
and a certain amount of people say size and quality.
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Mrs. R: Okay. So you maybe want to give that a name.
S: Yeah. We will.
Mrs. R: Good.
[Class transcript. Day 1. Lines 126–133.]
In this instance, Mrs. R continued to listen and understand the
students’ ways of thinking about the problem. This group of students
appeared engaged in thinking about the frequency associated with
each category (the ‘‘numbers of people’’). Mrs. R encouraged the
students to continue with their way of thinking and she encouraged
them to refine their representations by asking them to name the
quantities that they were working with.
As it was for Mrs. L, teaching this task was a distinct shift from
Mrs. R’s usual role of direct instruction. For Mrs. R, her listening and
questioning was characterized by a three-part pattern where she
observed without commenting, asked students to describe their current
way of thinking, and then encouraged them to continue working. This
form of listening for understanding appears to be a distinctive kind of
interpretative listening that influenced the teacher’s pedagogical
content knowledge as she gained an understanding of the range of
students’ thinking about the problem. This knowledge included how
the students were making sense of the problem and how they were
representing their developing ideas. However, rather than either evalu-
ate their reasoning or engage in a negotiation of meanings, the tea-
cher’s stance was to simply encourage the students to continue to
develop their own ideas about the problem situation.
Task Features and Teachers’ Learning
In this section, we further examine the relationship between three of
the design principles for the modeling problems (the Reality Principle,
the Self-evaluation Principle, and the Documentation Principle) and
the teachers’ learning, both in terms of their knowledge development
and their use of this knowledge to support student learning. By using
these design principles to guide the development of the modeling tasks,
we ensure that the tasks have features that provide opportunities for
teachers’ learning to occur.
1. Using Perspective Taking to Support Realistic Sense Making.
One of the teachers, Mrs. L, made extensive use of perspective
taking to engage her students in making sense of the problem situa-
tion. Involving meaningful problem situations is a task feature that
follows from the Reality Principle. We define perspective taking as
understanding how the reality of a problem situation might be
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perceived from multiple points of view (English & Doerr, 2003),
including one’s own perspective and the perspective of others, such as
the central characters within a problem context. Mrs. L posed different
perspectives for the students to consider, including that of a marketing
researcher, a shoe manufacturer, and a mathematician. She used per-
spective taking as a means of introducing and focusing the problem
for the students, and later she encouraged the students to adopt
multiple perspectives in order to justify and explain their model.
In one instance, for example, one group of students gave a
personal, subjective explanation of how they arrived at their model:
S: Most people thought that size was more important than
comfort. You want to get the right size. So you might get a
size way too (inaudible) but if it’s comfortable then you
buy it. You should get a size that suits you and then see if
it’s comfortable. [Class transcript. Day 1. Lines 507–510.]
Mrs. L prompted the students to consider the perspective of the shoe
manufacturer:
Mrs. L: Okay. But if a shoe company had that information [the
group lists] to work with, would they use that same logic
to decide on a final list? [Class transcript. Day 1. Lines
511–512.]
In this way, Mrs. L encouraged the students to re-consider the logic
of their justification from the perspective of the shoe company. She
urged them to consider whether it would make sense for the shoe com-
pany to use their same logic. As a task feature, the Reality Principle
led to a situation where Mrs. L realized that she needed to encourage
her students to take the shoe company’s perspective on their reason-
ing. This created an opportunity for the teacher to take an adapt
approach to the lesson, where the teacher developed new pedagogical
strategies for using perspective taking to support students in reaching
the goals of the lesson.
2. Engaging Students in Self-Evaluation.
As we indicated earlier, Mrs. R listened to and observed her
students, interpreting the mathematical nature of her students’
responses. She readily understood the strengths and weaknesses in stu-
dents’ systems. The Self-Evaluation Principle implies that an important
feature of the task is that the students will be able to identify and revise
the weaknesses in their work. Consistent with an adaptive approach to
task implementation, Mrs. R developed pedagogical strategies for
encouraging students to assess their work with the view of refining and
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revising it. For example, with one group of students who was using a
frequency-based system, Mrs. R asked them how they were going to
rank factors other than those that came first or last:
Mrs. R: But that’s your ranking as you’re thinking about the first
position; right?
S: Yes.
Mrs. R: Okay. Then what happens about your 3rd, 4th, 5th, 6th, 7th,
8th, 9th, and 10th position? [Class transcript. Day 1. Lines
184–187.]
As she moved around the room, Mrs. R continued to encourage
the students to consider the usefulness of frequency-based systems:
Mrs. R: Three groups put size as first. And you’re saying that
two groups put comfort as first. And one group put
style as first. So this information you’re telling me only
what is coming first; is that right? Okay. And this
group is telling me what came last. I want to know
what comes in between the first and the last. Can you
work that out from your graph? Maybe you can. Try
and think about that.
[Class transcript. Day 1. Lines 296–301.]
Mrs. R repeatedly encouraged the students to evaluate their own
work, questioning them about their thinking and asking them to
explain their processes. When using a frequency-based approach to
aggregating the lists of data, the students generally encountered prob-
lems in ordering the data from the middle of the lists. Hence, Mrs. R
was asking them to evaluate whether their system would work for all
the data on the list. As we saw earlier, she did not suggest that the
students follow a particular approach, but rather she encouraged them
to ‘‘work that out’’ from their graph. Mrs. R has taken an adaptive
approach to the lesson, developing pedagogical strategies for engaging
students in the evaluation of their work.
After the students had developed a system for rating the factors,
both teachers had the groups of students present their systems for
class discussion. Both teachers encouraged their students to compare
the models presented by each of the groups and to describe how the
models were similar or different. For example, Mrs. R would ask whe-
ther one group’s ranking ‘‘is the same as that one over there?’’ and if
the students replied ‘‘no,’’ she would state, ‘‘Can someone tell me why
not?’’ [Class transcript. Day 2. Lines 321–324.] When the final group
of students was reporting their solution to the Sneaker Problem,
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Mrs. R alerted the students to something ‘‘a little bit different in the
presentation.’’ One of the students in this group explained, ‘‘We gave
the one at the top 10, and then the second one was 9, and we went
right down. And then the ones with the highest amount were the ones
that more people wanted.’’ [Class transcript. Day 2. Lines 362–365.]
Mrs. R responded as follows:
Mrs. R: Do you see why in their case the one with the highest points
was the one that was most important? Can someone explain
why? Someone not in the group? [Class transcript. Day 2.
Lines 366–368.]
By asking a student not in the group to explain, Mrs. R was encour-
aging the students to understand the systems (or models) that were
developed by another group of students.
Mrs. L also encouraged her students to evaluate the models they
developed, but she made considerable use of perspective taking in do-
ing so. For example, when the students were sharing their models with
the class, the teacher asked the students to compare and assess the
models they had generated. The teacher had displayed three systems
that used a totalling or averaging strategy at the top of the board, and
three lists that had used a frequency-based strategy at the bottom of
the board. She asked the students to evaluate which lists would be
acceptable to market research people:
Mrs. L: Why do you think they [market research people] would go
with one of these lists? If you’re saying one of the top ones,
why do you think they would go with this list here rather
than one of these down the bottom?
S1: Because there were three groups that got round about the
same answer.
Mrs. L: And they used the same method. Any other reasons?
S2: Because they actually make sense. Like, compared to the
others. Some people might not be able to understand the
bottom ones whereas they can understand the ones at the
top.
Mrs. L: Hands up if you understand how these three lists came
about?.....More so than these three lists?
[Class transcript. Day 2. Lines 568–577.]
The students recognized that the systems that used totalling or aver-
aging were easier to understand and made more sense to them than the
frequency-based systems. By contrasting the two sets of systems, the
teacher put the students in a position where they were evaluating the
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relative usefulness of the rating systems that they had developed. The
differences among student models created an opportunity for Mrs. L to
engage the students in evaluating the relative usefulness of the solutions
to the shoe manufacturer. Rather than transform this task into one
where she does the evaluation, Mrs. L has taken a negotiate approach
to task implementation. Her own understanding of the mathematics in-
volved has developed as she observes the students’ different models; her
pedagogical content knowledge is developing in ways that include strat-
egies for engaging students in self-evaluation of their work.
3. Encouraging Representational Activity.
The Documentation Principle leads to the design of tasks whose
solutions require that students will create representations that reveal
the kinds of quantities and the relationships between the quantities
that they are thinking about. A contrast between Mrs. R and Mrs. L
in their instructional strategies was the way in which they encouraged
the students’ representational activities. Mrs. R supported the stu-
dents’ use of graphical representations while Mrs. L placed an empha-
sis on numerical representations. Mrs. R repeatedly asked students to
explain and justify their graphs in an effort to encourage them to criti-
cally analyze their representations. Her focus on critical analysis is
evident in the following discussion with one group of students, which
took place on the first day:
Mrs. R: Am I right in assuming then that this graph tells me just
the first position: what you think is best?
S: Yes.
Mrs. R: What do you think is going to come second then?
S: (inaudible)
Mrs. R: and third?
S: (points to graph)
Mrs. R: and fourth?
S: (points to graph)
S: they’re the same
Mrs. R: And fifth?
S: Fifth? Well, you don’t really know because.....
Mrs. R: But I need to know that, so now what are we going to do?
S: Okay, so that looks a bit bigger than that one so I’d say...
Mrs. R: Are you basing it on thickness or height or what?
S: Height.
Mrs. R: But I can count five factors here. What about the other
four or five?
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S: We could do it a different color.
Mrs. R: I need to see that on your graph. Think about it. Julie.
Help them here as well.
[Class transcript. Day 1. Lines 330–348.]
In this instance, Mrs. R takes a hermeneutic stance as she first
asked the students to explain the graph so that she could understand
it, but then challenged the students to use their representation to
explain how they would be able to use it to rank all of the factors in
the dataset. The students’ response was to continue to use their color
coding strategy which Mrs. R encouraged them to continue with,
while letting them know that she would want them to be able to inter-
pret the rating for all the factors.
In a similar exchange with another group of students, Mrs. R
challenged the students to use their graphical representations to be
able to determine a rating for all of the factors, not just the first and
last. This particular group had made two graphs of the data. On one
of the graphs, they had recorded how many of the groups of stu-
dents had rated various factors (such as size and comfort) as first in
importance. Mrs. R began by clarifying her understanding of the
graphs:
Mrs. R: Three groups put size as [the] first [factor on their list]. And
you’re saying, two groups put comfort as first. And one
group put style as first. So from this information [on the
first graph] you’re telling me only what is coming first; is
that right?
S: (nods affirmatively)
Mrs. R: Okay. And this graph is telling me what came last. I want
to know what comes in between the first and the last. Can
you work that out from your graph? Maybe you can. Try
and think about that. Okay?
[Class transcript. Day 1. Lines 296–301.]
Again, we see Mrs. R using a hermeneutic orientation in her interac-
tion with the students; she confirmed her understanding of the graph
and then challenged the students to be able to use the graph to give the
ratings of all the factors between first and last. This group continued to
work on their frequency-based graphs that showed the number of times
a factor was ranked first and ranked last, but then later changed it to a
line graph that showed a rating of all the factors (see Figure 1).
This graph was based on the total of the ranks of each factor on
each list. The students included a description of how they generated
the data for this graph from the lists of factors: ‘‘The first one on the
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list got 10 points and the second got 9, etc. We did that on all the
lists, then we added them up.’’ This representational shift from their
earlier frequency-based graph apparently came about as they engaged
in the analysis of the rating of the middle factors.
DISCUSSION
This study has addressed teachers’ learning-in-practice as they imple-
mented a novel model-eliciting task involving high cognitive demand.
Specifically, we were interested in how the features of a modeling task
supported teachers as they developed new subject matter knowledge
and pedagogical content knowledge as they interacted with the students
and the task, and how the teachers’ learned to support their students’
learning. Our findings indicated that both teachers engaged in what
overall would be best described as a negotiate approach – developing
new subject matter knowledge and pedagogical content knowledge as
the lesson unfolded. However, this learning differed for the two teach-
ers. One of the teachers, Mrs. L, developed knowledge of the mathe-
matics content of the problem as her students engaged with the task.
Her initial focus on computation and her uncertainty about the nature
of a mathematical solution began to shift as the lesson developed and
the students presented their solutions. For the other teacher, Mrs. R,
the development was of new pedagogical content knowledge. This
teacher acquired new ideas about how the students’ rating systems
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Figure 1. The line graph created by one group of students.
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might develop and how the students might represent those emerging
ideas. She also appeared to develop knowledge about the range of pos-
sible student solutions and used this knowledge in engaging students in
a discussion of the similarities and differences among students’ models.
These new pedagogical strategies for supporting student learning
were linked to the task features in the following way: both teachers
supported the students in making sense of the task in realistic ways
(Reality Principle). One of the teachers, Mrs. L, made extensive use of
perspective taking as a way of supporting her students’ realistic sense-
making efforts. She encouraged the students to consider whether their
model was sensible from the point of the view of the audience (in this
case, the shoe manufacturer) who would use the solution. The realistic
sense-making efforts of the students and the goal of the task (to create
a model for someone else to use) created a situation where the teacher
realized that she needed to help her students take another’s perspective
on their solution.
A significant feature of the task used in this study is that the students
can evaluate the usefulness of their solution strategy (Self-Evaluation
Principle). Our findings suggest that this task feature is crucial as sup-
port for the teacher to shift from an evaluative orientation towards a
stance that simultaneously is more interpretative on the part of the tea-
cher and leads to self-evaluation on the part of the students. In the case
of Mrs. R, she supported the development of students’ ideas by engag-
ing them in evaluating whether or not their solution strategy would en-
able them to rate all of the factors under consideration. The other
teacher, Mrs. L, encouraged her students to consider which models the
manufacturer would find most useful. Each of the teachers supported
students in evaluating how well their models met the goal of the task (to
develop a rating system). For Mrs. R, the usefulness of a model was in
terms of how well the students themselves could use the system to rate
all of the factors under consideration. For Mrs. L, the usefulness of a
model was in terms of the ease with which the students thought that a
manufacturer could understand and use the rating system. This created
an opportunity where the teacher learned to shift from listening for
the purpose of evaluating students’ work to listening for the purpose of
engaging students in self-evaluation of their work. In both cases, it
was the students who were engaged in evaluating the usefulness of the
models.
By engaging students in self-evaluation, both teachers implicitly
encouraged the students to continue to develop and revise their
own ideas. At the same time, this shifted the burden of suggesting
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alternative ways of thinking about the problem away from the tea-
cher and towards the students. This allowed the teacher to move
from an evaluative orientation, where the students’ ideas would be
judged according to the teacher’s way of thinking about the problem,
toward an interpretative orientation, where the teacher could attend
to understanding how it is the students are thinking about the
problem.
In working on the task, the students’ representations of their solu-
tions revealed the kinds of quantities and relationships that they were
thinking about (Documentation Principle). This task feature provided
opportunities for both teachers to elicit descriptions of students’ think-
ing about their work. For one of the teachers, Mrs. L, this was influ-
enced by her view that a mathematical solution must be numerically
represented. The other teacher, Mrs. R, carefully observed and probed
the meaning of the students’ representations rather than focusing on
her way of representing a solution. As a consequence, students pro-
vided a variety of representations including graphs. Thus, rather than
engaging students in converging toward the teacher’s representation,
the students were encouraged to create and explain representations
that were useful and meaningful to them.
IMPLICATIONS AND CONCLUSIONS
The effective implementation of reform-based mathematical tasks
requires learning on the part of both teachers and students. From the
teachers’ perspective, this learning involves: (a) understanding the
mathematical content and the ways in which student ideas developed
and were represented; (b) taking on new roles in interacting with the
students, including a focus on listening and observing, and on asking
questions for understanding and clarification; and (c) engaging in
forms of interpretative listening that shift the role of evaluation from
the teacher to the student.
Selecting tasks whose features promote powerful student learning is
a key component in implementing a reform-based mathematics pro-
gram. Equally critical is the opportunity for teacher learning to occur.
Curriculum designers need to consider the development of tasks that
engage students in meaningful problem situations where students’
thinking processes are revealed via their representations and justifica-
tions as they engage with the task and self-evaluate the quality of their
answers. The features of such tasks provide opportunities for teachers
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to learn new roles in practice as the lesson is taught and as they
interact with their students and the task.
APPENDIX A
The Sneakers Problem
The students were asked ‘‘What factors are important to you in
buying a pair of sneaker?’’ The students generate a list of 6–8 factors
and then work in small groups to determine how to order these fac-
tors in deciding which pair of sneakers to purchase. This results in dif-
ferent group rankings of the factors (see below for a sample of the
lists). The teacher then poses the problem: how can these lists be com-
bined into a single list that represents the view of the whole class?
Lists from Mrs. R’s Class
These are four of the nine lists that the students in Mrs. R’s class were
aggregating into a single class list.
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